The NVT ensemble of water octamer is divided into the configurational subsets, which correspond to the topology-distinct H-bond patterns, and the relative molar Helmholtz 
Introduction
A hydrogen-bond (H-bond) network is formed in a water cluster [1] [2] [3] [4] [5] [6] [7] [8] [9] . Extensive attention has been directed to locating all the local minimum structures on the potential energy surface (PES) of water clusters [9, 10] and finding the global minimum structure for each system [6] [7] [8] 11] .
A water cluster is relevant to a digraph and can be classified to an H-bond pattern then, 10 9 MC steps at the temperature were performed and used for the analysis.
Subsets of NVT ensemble
The NVT ensemble is a set of water cluster configurations. Given a criterion of H-bond between any two of the constituent molecules, one can define an H-bond pattern for each configuration in the NVT ensemble. In the current simulation, we define the formation of H-bond when an H-bond distance (between a donor proton and an acceptor oxygen) is less than 2.45 Å [31] and an H-bond angle (O-H…O) exceeds 120°. The NVT ensemble is classified into the subsets according to the H-bond patterns.
Helmholtz free energy and internal energy of subset
The NVT ensemble of water octamer is formed by the MC simulation at temperature T with a fixed density. The Helmholtz energy A of the system is related to the partition function Q of the system,
(
The system is comprised of subsets (H-bond patterns). The following values are obtained from this MC simulation:
and
Here, x I is the mole fraction of a subset I, which is equal to the ratio of the number of the configurations for subset I, N I , to the number of configurations for the whole system, N total , of the MC simulation. For each subset I, the energy average 
In the current study, we calculate the energy using the TIP3P potential function and the structure of each water molecule is fixed. The calculated energy of a water cluster corresponds to the interaction energy between 8 water molecules per 1 mol of cluster.
The molar internal energy ) (T U I of subset I at temperature T is related to the energy average of subset I as
Here, ) 0 ( U is the energy of the isolated non-interacting 8 water molecules. Note that all the quantities obtained in the current study are the values relative to those of the isolated non-interacting 8 water molecules, which are assumed to be independent of any variable (temperature etc.), because the structure of a water molecule is kept fixed.
The molar Helmholtz energy of a water cluster, which has a structure of the H-bond pattern I, at temperature T and volume V, is related to the occurrence of the water cluster.
The relative molar Helmholtz energy
of water cluster, between the H-bond patterns I and J, is given by
On the other hand, the molar Helmholtz energy of the H-bond pattern I is related to the internal energy and the entropy of the system; namely,
Here, ) 0 ( A is the free energy of the system composed of the isolated non-interacting 8
Here,
is the relative internal energy between the H-bond patterns I and J.
This is equal to the difference between the averaged energies of the H-bond patterns I and J; namely,
In Eq. (9),
is the relative entropy of cluster formation between the H-bond patterns I and J. Note that the intramolecular vibrational entropy of water molecule is not evaluated in the current method since each water molecule is fixed during the MC sampling. It corresponds to the assumption that all the terms related to the intramolecular property of each water molecule are equal in all the H-bond patterns.
Results and discussion

Structures at 200 K
Relative molar Helmholtz energies for the H-bond patterns (at T=200 K and V=80 L are the most stable in internal energies. This is consistent with previous reports, in which TIP3P gives the D 2d structure as the global minimum [6, 11] .
The structures and their digraph representations of the three most abundant H-bond patterns (9A, 9B and 8A) at this condition are shown in Fig. 4 , together with the Helmholtz energy, internal energy and entropy terms of each H-bond pattern relative to those of 9A. These three patterns occupy ~37% of the whole water octamers at this condition. The H-bond patterns 9B and 8A are favored from the viewpoint of entropy of cluster formation, while they are unstable from the viewpoint of internal energy compared with 9A. It is noteworthy that each of 9A and 9B is formed by adding one more H-bond to 8A.
Structures at 300 K
The H-bond patterns that have lower molar Helmholtz energies (at T=300 K and V=80 L for 1 mol of cluster) are shown in Fig. 5 . At this condition, the observed H-bond patterns are different from those observed at 200 K, and many decomposed H-bond patterns are observed, which may correspond to evaporation. The pattern 6A, which has a cyclic hexamer and two isolated water molecules in it, and the pattern 5A, which has a cyclic pentamer and three isolated water molecules in it, have the lowest molar Helmholtz energy. Many of the observed H-bond patterns include a cyclic or linear cluster with isolated water molecules at this condition.
Water clusters with thermal energy
The relative free energies of water clusters at the local minimum structures have been evaluated with various theoretical methods. Quantum chemical thermodynamic calculations using a high level ab initio MO method [14] predicted that the D 2d cubic structure had the lowest free energy and dominated the potential energy and free energy hypersurfaces from 0 to 298 K. This calculation of free energy was based on the ideal gas approximation of free particles, in which the geometry optimization of water cluster was followed by an analysis of vibrational frequencies based on the harmonic approximation. This method precisely evaluated the contributions from the rotational, vibrational and electronic terms to free energy at each local minimum structure.
However, one important factor missing in this method was the entropy of cluster formation for each structure. Number of H-bonds 
